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Exact Synthesis of LDI and LDD
Ladder Filters

E.S.K.LIU, L. E. TURNER, anD L. T. BRUTON

Abstract —The low sensitivity property of lossless discrete integrator
(LDI) low-pass ladder filters is shown to be preserved in lossless discrete
differentiator (LDD) high-pass ladder filters {1]. The exact design method
for LDI ladder filters given in [2] is further developed by introducing a set
of closed-form design formulas for digital all-pole Chebyshev transfer
functions. A new technique for improving. the numerical accuracy in the
synthesis procedure is introduced. Finally, a comprehensive LDI ladder
filter design program is presented.

I. INTRODUCTION

OSSLESS discrete integrator (LDI) ladder filters [1]
have become a popular filter structure in the field of
signal processing [2]-[8]. The low coefficient sensitivity and
the simplicity of the structure make it suitable for con-
structing high quality digital filters [1], [2]. The LDI con-
cept has also been successfully applied to switched-capaci-
tor filter networks [5]-[8]. Many monolithic switched
capacitor LDI ladder filters have been fabricated [5], [6],
Low sensitivity digital low-pass ladder filters can be con-
structed by using the lossless discrete integrator (LDI)
1/(z/? — z71/2) as a basic building block. Similarly, low
sensitivity digital high-pass filters can be constructed by
using the lossless discrete differentiator (LDD) 1/(z'/% +
z71/?) as a basic building block [1]. A transformation is
introduced so that an LDI low-pass ladder filter can be
transformed to an LDD high-pass ladder filter. The topol-
ogy of the signal flow graph is preserved in this transfor-
mation so that the low sensitivity property of the LDI
ladder filter is preserved in the transformed LDD ladder
filter. ' :
Most of the discussion of LDI ladder filters in the
literature is based on the original approximate design
technique given in [1]. By using the LDI transformation
s = (22 —2z"Y2)/T and then carrying out z'/? imped-
ance scaling throughout the digital filter signal flow graph,
one ends up with ladder terminations of half unit delays [1,
3]. Since these half unit delays are not realizable, they have
to be replaced by either unit delays or no delays. These
half unit delay replacements introduce error to the
frequency response characteristic of the filter [1}, [3], [7]. A
number of methods have been devised to eliminate this
error yielding the exact desired frequency response [2], [7],
(8], [15].
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The method reported in [2] is further developed in this
paper. The first step in this design procedure requires the
determination of a digital all-pole transfer function. Digital

- Chebyshev transfer functions designed by applying bilinear

transformation to analog Chebyshev transfer functions
possess a number of zeros [9], [10] so they are not suitable
for LDI ladder filter implementation. On the other hand,
all-pole digital transfer functions were traditionally de-
signed by computer-aided iterative methods [9], [10]. This
paper introduces a set of closed form design formulas for
digital all-pole Chebyshev transfer functions.

A numerical problem has been pointed out in [2]. The
synthesis procedure involves the factorization of a poly-
nomial product K(z)K(z™ ) to the polynomials K(z) and
K(z™"). A straightforward method for doing this is to find
all the zeros of the polynomial product K(z)K(z~!) and
then arbitrarily assign the zeros inside the unit circle to
K (z). Unfortunately, the closely paired or highly clustered
zeros of K(z)K(z™!) renders the usual root-finding algo-
rithms inaccurate.

In this paper, new factorization and root-squaring tech-
niques are developed to improve the numerical accuracy of
the design. Some other synthesis equations are refor-
mulated in order to facilitate computer programming. Fi-
nally, a comprehensive LDI ladder filter design program
together with two design examples are presented.

II. THEORY AND DESIGN PROCEDURE

In order to be self-contained, this section summerizes the
theory and the design equations given in [2] for the synthe-
sis of an LDI ladder filter.

An LDI ladder filter can be considered to be a doubly
terminated two-pair network, as shown in Fig, 1.

Disregarding the internal structure, the two pair network
can be characterized by a chain matrix equation

[vl(z)]=[A(z) B(z)][w)] "
Yi(z) | [C(2) D(z) [ U(2)
with the terminal nodes being constrained by
Ui(z)=U(z)+27"?Y(2)
and
U(z) = —z71?Yy(2). )

From (1) and (2), the reciprocal of the transfer function is
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Fig. 1. LDI ladder filter as a doubly terminated two-pair network.

given by

-1_ gy = Y2 Ulz)
[H(Z)] —H(Z)_ Y(Z) - YZ(Z)

= [4(2)=272B(2)]
—z2[C(z2)=2"D(2)].  (3)

In order to determine the chain matrix elements A(z),
B(z), C(z), and D(z), the following functions are in-
troduced:

E(z)=A(z)-z"Y?B(z)
F(z)=C(z)-z"Y*D(z).
Substituting (4) and (5) in (3) yields

(4)
(5)

H(z)=E(z)—z"Y*F(z). (6)
If we define an auxiliary function
K(z)=E(z)+2/*F(z) (7)

then E(z) and F(z) can be found by solving (6) and (7),
which yields

712K (2)+ V2 H ()

E(Z)= /2 4 -2 (8)
and ,
F(z) - K-HE) ©)

The auxiliary function K(z) is to be determined in such a
way that the magnitude-squared transfer function of the
filter is insensitive to the multiplier coefficient perturba-
tions. This can be accomplished by imposing the following
constraints to the chain matrix elements

A(z)=FA4(z7Y)

B(z)=+B(z")

C(z)=xC(z7)

D(z)=FD(z7Y)
and

A(z)D(z)-B(z)C(z)=(-1)"=F1 (10)

where the upper signs correspond to odd order filters and
the lower signs correspond to even-order filters. From
(3)-(10), it follows that

K(Z)K(z_l)_H(z)H(z~l) = _(Zl/z + z—1/2)2'
(11)
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It is shown in the original paper [2] that 4(z) must be a
polynomial in w of order n, where w = z/2 — z~1/2, Simi-
larly, B(z) and C(z) are polynomials in w of order n —1
and D(z) is a polynomial in w of order n —2. In addition
to this, each polynomial contains either odd or even powers
of w only. These polynomials are called imagé polynomi-
als.

Referring to Fig. 1, the two pair network described by
the chain matrix is a cascade of n ladder sections

[A(z) B(z)}E[An(a B,,<z>]
cz) p()]7[G() b2
[ 3 3
[t,,(z) —IHS((T O}
where - ’ K

t;(z)=s7tw=s71(* - 27172, (12)

and s, corresponds to the ith ladder section multiplier
value and s, is the rightmost ladder branch multiplier
value. The s,’s can be found by using synthetic division n
times as follows:
4,(z) 1 R,(z)
= —gq . +
c(x) - TGE)

4,_4(2)=-C(z)

1<ign

N’

and
Cii(2)=—R(2),
This procedure is referred to as ladder decomposition.

The above outline of the theory is actually over-
simplified. For more detail, refer to the original paper [2].

Now, the design procedure for an LDI ladder filter is
listed stepwise:

1) Determine the reciprocal of the transfer function
H(z).

2) Calculate H(z)H(z™!) from H(z), find K(z)K(z™ ")
from H(z)H(z™!) by using (11) and then factorize
K(2)K(z7') to K(z) and K(z71).

3) Find E(z) and F(z) from H(z) and K(z) using (8)
and (9) and then determine the chain matrix elements
A(z), B(z), C(z), and D(z) from E(z) and F(z).

4) Carry out the ladder decomposition given by (13) in
order to determine the LDI ladder section multiplier and
the rightmost ladder branch multiplier values.

These design steps will be discussed in detail in the
following sections.

III. DiGitaL LDI AND LDD LADDER FILTERS

The signal flow graph of a third-order LDI ladder filter
is shown in Fig. 2. By carrying out z!/? impedance scaling,
we end up with the signal flow graph of Fig. 3. Note that
no approximation has been made in the signal flow graph
manipulation and therefore the synthesis procedure yields
exactly the desired frequency response.

It has been shown [1], [2] that the lossless discrete
integrator 1/(z'/? — z71/2) forms the basic building block

(13)

i=n,n—1,---,2,1.
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Fig. 2. Signal flow graph of a third-order LDI ladder filter.
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Fig. 3. Signal flow graph of a third-order LDI ladder filter with z~1/2
eliminated.

Y2y

of low sensitivity digital low-pass ladder filters. Similarly,
another operator called the lossless discrete differentiator
(LDD) 1/(z'/% + z71/2) is expected to be able to serve as
the basic building block of low sensitivity digital high-pass
ladder filters. This lossless discrete differentiator is equiva-
lent to the one proposed in [1]. Indeed, a simple transfor-
mation can be used to transform an LDI low-pass ladder
filter to an LDD high-pass ladder filter.

Consider the well-known low-pass to high-pass transfor-
mation:

z—>—z

thus

-1,2 - —1/2

2o A2 V2 - g

and _
(2V%2=2z7V2) 5 j(12+ 27177). (14)

Letting z=e/“ on the LHS and z= ¢/ on the RHS of
(14) yields

Ww=T—w

where w is the original frequency variable and w’ is the
transformed frequency variable. The new transformed
transfer function is thus related to the original transfer
function by

H'(e/)= H(e/"™*). (15)

Obviously, H’(e/*) is a mirror image of H(e/) with the
mirror located at w = 7/2.

Substituting z~!/2 by — jz~/? in Fig. 2 and manipulat-
ing it appropriately yields the signal flow graph in Fig, 4.
Thus the transformation only changes the signs of certain
branches in the ladder filter signal flow graph. The overall
topology remains unchanged and thus the low sensitivity
property of the LDI ladder filter is preserved in the LDD
ladder filter.

It is obvious from (14) that if p, = r,e/% is a pole of the
LDI low-pass ladder filter, then p/= — r,e/% is a pole of
the LDD high-pass ladder filter. Therefore, (14) transforms
a stable LDI low-pass ladder filter to a stable LDD high-
pass ladder filter.
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Fig. 4. Signal flow graph of a third-order LDD ladder filter with z~1/2
eliminated.
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Fig. 5. Magnitude-squared transfer characteristic of, (a) a third- (odd)
order, and (b) a fourth (even)-order Chebyshev low-pass filter.

IV. DiGrtaL CHEBYSHEV TRANSFER FUNCTIONS

The derivation of a digital all-pole Chebyshev transfer
function closely parallels to the derivation of an analog
Chebyshev transfer function [11], [12].

The magnitude-squared transfer characteristics of odd- -
and even-order Chebyshev low-pass filters that can be used
for LDI ladder filter implementation are given in Fig. 5(a)
and (b), respectively. In these figures,

w, = passband edge
w, = stopband edge
¢ = passband ripple
and
A = stopband attenuation.

Suppose H(z) is the reciprocal of an all-pole Z-transform
transfer function. The - magnitude-squared response
|H(e’*)|* with a Chebyshev transfer characteristic can be
written as {11}, [12]

[H(e/)|?> = 4[1+ 2 F?*(w)] (16)

where F(w) varies between zero and one within the pass-
band and is larger than one within the stopband, € =
10%14, —1 and A, = passband ripple in decibels. Further-
more, it can be shown that [9], [10]

IH(e/)2 = H(z)H(z ™) |,c o= T m;c08" 0.

an
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Fig. 6. F*(w) of a third (odd)-order Chebyshev low-pass filter.

From (17), if H(z) is a polynomial in z of order n, then
F?*(w) is a polynomial in cosw of order n, and F(w) is a
polynomial in cos w of order n /2. The situation that n is an
. odd number will be clarified in the subsequent discussion.

Similar to the procedure outlined in [11], [12], the deriva-
tion of H(z) involves the following steps:

1) Deduce the exact form of F(w) such that the transfer
characteristics in Fig. 5 is achieved.

2) Obtain the exact form of |[H(e/*)|%.

3) Calculate the zeros of |H(z)|?, where z=e/*, and
then assign the zeros inside the unit circle to H(z).

The derivation of the digital all-pole Chebyshev low-pass
filter design formulas will start with a third-order (odd-
order) low-pass filter example. The result is then gener-
alized to the case of nth-order low-pass filters.

Comparing Fig. 5(a) and (16), F?(w) of a third-order
(odd-order) Chebyshev low-pass filter is given in Fig. 6.

F(w) in this case is a polynomial in cosw of order 3 /2.
Furthermore, it has the following properties [11], [12]

1) F(w)=0
2) F*(w)=1
3) dF*(w)/dw=0

ifw=0,=+ wy
fw=1w,tw
ifw=0,iw1,inl.

Observe that a factor of the form (cosw —coswgy;) has
zeros at w = wy and w = — wy;. Since every factor of this
form possess two zeros, (cosO—cosw), or equivalently
(1 —cos w) has double zeros at w = 0. The first property of
F(w) indicates a single zero at w = 0. If this corresponds to
a factor (1 —cosw)'/?, then

F(w) = My(1—cosw)"*(cos & — cos wyy ),

(18)

which is a polynomial in cos w of order 3/2.

Since F2(w) is a polynomial in cosw of order 3, the
derivative of F?(w) with respect to w is a polynomial in
cos w of order 2, multiplied by —sinw, which is the deriva-
tive of cos w. The above observation together with property
3 imply that
dF*(w)/dw = M,(cos w —cos w; )(cos w —cos wy, )(sinw)

(19)
Next, the factor (cosw —cosw;) in dF?*(w)/dw indicates

that [1— F?(w)] must have the factor (cosw —cosw;)>.
Consequently, from property 2

1- F*(w) = M;(cos & —cosw; )*(cosw —cosw,) (20)

Manipulating equations (18), (19), and (20) as in [11], we
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obtain
f dF(w) d(cosw)

/1- F2 (@) =M4'/ JA—cosw)(cosw —cosw,)

The solution of this equation is

sin™! sin"![ o —(M. +

or [F(w)l=M, or [ cos@ = (M, +cos )
—1 -1 M, —cosw,

cos cos

(21)
where M, =1. (The use of this notation will facilitate the
subsequent discussion.) The choice of sin~! or cos™! de-
pends on the properties of F(w) and it will be shown that
the following choice of F(w) is suitable for an odd-order
Chebyshev filter:

F(o)= sm[ﬁ cos-1 { 20 — (M, +cos w,) ”

2 M, —cosw,
or
1 1 2cosw — (M, +cosw,)
2 —_ = -1 0 4
FHe)=3 2°°S[”°°S [ M, —cosw,

1. [2cosw-—(M0+coswc)]

2 M, —cosw, (22)

Il
N =

where T, is the nth-order Chebyshev polynomial.
To show that (22) is a suitable choice of F(w), we find
by direct substitution,

F(0)=0 and F(+w.)=1,

which satisfy properties 1 and 2.
Furthermore if the derivation procedure is to be valid,
F(w) must have the form of (18) or in general

F(w)=(1-cosw)"*R{cosw) (23)

where R(cosw) is a polynomial in cosw. This can be
proven by using mathematical induction technique. How-
ever, the complete proof is lengthy and thus will not be
included here. We will only demonstrate that the factor
(1 —cos w)'/? actually exist.

The presence of the Chebyshev polynomial in (22) shows
that F?(w) is a polynomial in cos w of order ». In addition
to this, at w = 0, or equivalently, at cosw =1,

F*(0)=1/2-1/2cos[ncos™(1)] = 0.
Therefore, (1—cosw) is a factor of F2(w). In other words,
(1 —cosw)!/? is a factor of F(w).

By the same argument, it can be shown that the follow-

ing form of F(w) is suitable for even order Chebyshev
low-pass transfer functions

) [ 2cosw— (M, +cosw,) ”

F(w) = cos [ﬁ cos”

2 M, —cosw,
or
1 1 : 2cosw — (M, +cosw,)
2 = sl -1 0 c
Fi(w)= 5 + 5 cos [ncos [ M, —cos @,
1,1, |2cosw—(My+cosw,) '
_5+ 2T"[ M, —cosw, (24)
with M, =1.
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Referring to Fig. 5, an odd-order Chebyshev low-pass
filter has the characteristic [H(e/®)| = 2. Careful examina-
tion of the LDI ladder structure indicates that this results
in unity rightmost ladder branch multiplier, i.e., 5, =1 in
(12). Unfortunately, an even-order Chebyshev low-pass
filter does not possess this property, so that two extra
multipliers are needed to realize an even-order filter.
Therefore, it would be desirable to modify an even-order
Chebyshev low-pass filter so that |H(e/%)| = 2.

The modification can be achieved by eliminating one of
the ripples in the passband of an even-order Chebyshev
low-pass filter so that the passband of a, say, fourth-order
filter is similar to the passband of a third-order filter [12].
The modified Chebyshev low-pass filter is suboptimal in
the sense that the stopband performance of the modified
filter is not as good as the original filter, but, in general,
better than the next lower odd-order Chebyshev low-pass
filter.

A fourth-order filter example will be used to derive the
modified Chebyshev low-pass filter design formulas. The
result is then generalized to the case of nth-(even) order
low-pass filters.

F?(w) of a fourth-order modified Chebyshev low-pass
filter is very similar to F?(w) of a third-order Chebyshev
low-pass filter (Fig. 5). However, w, and wg, of a modified
fourth-order filter would in general be different from that
of a third-order filter. The three properties of F?(w) of the
third-order Chebyshev low-pass filter ‘also apply to the
modified fourth-order filter except that F(w) in this case 1s
a polynomial in cos w of order 2.

From property 1, we can write

F(w) = M,(1—cosw)(cosw —cos wy, )

which means we forced double zeros at w = 0. Since

(25)

F2(w) = M2(1—cosw)*(cos w — cos wm)f
the derivative of F?(w) must possess the factors (1 —cos )
and (cosw —cos wy, ). This together with property 3 imply
dF*(w)/dw= M(1—cosw)(cos w —cos w,)
-(cos w (26)

F inally, 1 — F?(w) has the factor (cos w — cos w;)? as argued
before and the factor (cos w —cos w,). Note that the factor
(cos w —cos w,) can only have multiplicity 1, otherwise, this
factor will show up in dF?*(w)/dw. Therefore,

1- FY(w) = M,(cosw —coswl)

(cosw —cosw,)(M, —cosw) (27)

—Cos wy; )(sinw).

where |M,| > 1, otherwise F?(w)=1 at a certain frequency
other than w; and w,, which is not allowed according to
Fig. 5, or property 2.

Manipulating (25), (26), and (27) yields

/ __dF(w) _[
\/1 Fz(w \/7M0

The solution to this equation is the same as (22) except that
M, >1. Substituting w =0 in (22) and using the property

dcos w

c0s @ )(Cos @ — COS w,)
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F(0) = 0 yields

(1—coswc)(1—cos(”/n)) (28)
1+4cos(7/n) '
From this, M, >1, which fulfills the requirement of (27).
Equations (22) and (24) give F(w) for |w|<|w/| For
lw| > |w,|, we have
[ 2cosw —( M, +cosw,) ]
<-1
.My —cosa,

My=1+

(29)

and thus
H (o) = 4[1+ 2F(w)]

= 4+2£2[licos [n cos!

[2c0s 0 — (M, +cos ) m

M, —cos w,

=4+2¢2 [l +cos lnvr + njcosh™!

|

2cosw — (M, +cosw,)
M, —cos w,

—:0dd n

+ :even n;
or

|H(e/*)|* = 4+2€2[1+cosh [n cosh™?

(M, +cosw,)—2cos w (30)
M, —cos w,

where M, =1 for both odd- and even-order Chebyshev
low-pass filters, and M, is given by (28) for modified
even-order Chebyshev filters.

Any four of the five parameters w_, «,, €, 4, and n
determine the remaining one in a Chebyshev transfer func-
tion. Substituting [H(e’“)| by 24 at w = w, in equation
(30) and rearranging, we get

A -1
-112 —1]
€2

(M, +cosw,)—2cosw, |’
M, —cosw,

cosh

nz n integer.

cosn”!| .

This formula can be used to determine the order of a
Chebyshev filter in order to meet a part1cu1ar filter specifi-
cation,

If we make the substitution z=e/“ in (30) and set
|H(z)| =0, then

1+ Ei[1+cosh [ncosh_1 [ (Mo +cosw) = (z+271) H]

2 M, —cos w,

=0. (32)
This equation enables us to find the zeros of H(z). Let

_ (Mytcosw,)—(z+z7")
B+ jy= M, —cos e, . (33)
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From (32) and (33), it can be shown that 8 and y are given

by [11]
B= cos[ 2m —1 'IT] cosh[l cosh™! [1+ 3”
n n €

Y=sm[2m—lw]sinh[;ll-cosh‘l[l+E%” (34)

n

where m=0,1,2,---,n —1. Having determined B and vy,
H(z) can readily be found by solving equation (33) and
assigning the roots inside the unit circle to H(z).

Now, the reciprocal of the transfer function is given by

H(z)=ho(z—p)(z—pr)---(z—p,).  (35)
Thus

ho=H(e®)|/[(1= p)(1=p)--- (1= p,)] (36)
where |H(e’/®)|=2 for odd-order Chebyshev filters and
even-order modified Chebyshev filters, and |H(e/%)|=
2/V1+¢€* for even-order Chebyshev filters.

Note that the above discussion on all-pole digital trans-
fer functions is completely general. It can be used to design
LDI ladder filters and any other suitable filter structures as
well. The design formulas can also be extended to include
high-pass, bandpass, or even multiband filters.

V. FACTORIZATION AND ROOT-SQUARING

The second step in the design procedure is to calculate
H(z)H(z™ ') from H(z), find K(z)K(z™') from equation
(11) and then factorize K(z)K(z™ ') to K(z) and K(z™1).
The last part of this step poses a major difficulty in the
LDI ladder filter synthesis.

The most straightforward method of performing the
factorization is first find all the zeros of K(z)K(z™!) and
then arbitrarily assign the zeros in the interior of the unit
circle to K(z) [2]. However, numerical  ill-conditioning
usually occurs in the required root-finding procedure [2].
This is because the zeros of K(z) are usually very close to
the unit circle. _

Suppose z; and z; is a complex-conjugate zero pair of
K(z), then z;! and z;  is a complex-conjugate zero pair
of K(z71). Let

z;=re/,  wherer =1
then
7, =l
Since
arg(z) —are( 5 )
we have )

— -1
|zi|z|zi |

The two zeros z; and zi_l, any i, of K(z)K(z ') are very
close to each other. The situation is even worse for high-
order narrow-band low-pass filters, in which case all the
zeros cluster around 1+ ;0. This renders the usual root-
finding algorithms inaccurate. On the other hand, the
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coefficients of H(z)H(z“) and K(é)K(z'l) could be
different by only a very small fraction. Therefore, in excess

- of twelve digits numerical accuracy could be required in

the design of high-order narrow-band filters.

In this paper, a new factorization technique is devised to
tackle the numerical problem. The mathematical basis of
this technique is given in the following paragraphs.

Consider an nth-order polynomial,

K(z)=kyz"+kyz" '+ - +k,_1z+k, (37)
then -
K(z)K(z7Y)=(koz"+ k2" 1+ -+ +k,)
(kgz™ "+ k27" 4 - + k) |
=ly(z"+z7 ")+ (2" P+ 27 D)

+ oo+l (2427041, (38)
From (37) and (38),
ly=kok,
L=kok,_y+kik,
i
L= ¥ kpkpin

L =koko+kiky+ - +k,_ 1k, +k,k,. (39)

The factorization problem can be stated as follows:

Given the coefficients /;, 0 <i < n, of K(z)K(z™'), find
the coefficients k;,, 0 <k <n, of K(z). The relationship
between /,’s and k,’s are given by (39).

This problem can be solved by using Newton’s method in
several variables.

If k(m)=[ky(m) ki(m) k,(m)]" is the ap-
proximation -of k,=[k, k; k,]” after m itera-
tions, Newton’s method states that [13], [14]

k(m+1)=k(m)—J7 (m)[E(m)-L]  (40)
where
L=[10 ll ln]T
i . kok |
fil(m) T
(m) ol Tk
F(m)= f/(m) = Y kkpyni
. p=0
_f}n(m)_ _k0k0+k1k1"*' T +knkn_k‘=k(m)
(41)
and

A
J(m)=[——'] , 0<i,j<n
4 Ik k= k(m)

J



LIU et al.: SYNTHESIS OF LDI AND LDD LADDER FILTERS

where

Jip=0

D[k k] i
_ J

a—‘;’;—[ +kk;+ -], i=n.

In both cases,

f;
Jf(m)= Iiakf’jl j t+n(m)+ j+i— n(m) (42)
J 1k=k(m)

provided that the indexes (j—i+n) and (j+i—n) are
between 0 and n. If any of these indices are not inside the
range, then the corresponding term is zero. (This will be
referred as the “index in range” condition in the subse-
quent discussion.) Furthermore, it is shown in the Appen-
dix that in general

J7H(m)E,(m)=k(m)/2. (43)
Therefore, (40) becomes
J(m)[k(m+1)—k(m)/2] = (44)

The iteration procedure is carried out in the following
steps:

1) Calculate J;(m) from k(m);

2) Solve the matrix equation [J;(m)][c(m)]= L by one
of the standard method, as for example, Gauss elimination.
Here [c(m)] is the unknown vector;

3) Calculate the new approximation by k(m +1) = ¢(m)
+k(m)/2.

It can be shown that in the case of odd-order Chebyshev
low-pass filters and even order modified Chebyshev low-
pass filters, two of the zeros of K(z)K(z~!) are 1+ jO.
Due to the limitation of numerical accuracy, they become
(1+46,)+ 0 and (1+ 6,)+ jO where 8, and 9§, are very
small numbers. In other words, they become extremely
closely paired zeros. These zeros must be removed before
applying Newton’s method for factorization in order to
avoid potential instability. This step is unnecessary in the
case of even order Chebyshev low-pass filters. Experimen-
tal observations shows that the factorization is usually
stabilized in within 50 iterations.

Newton’s method for factorizing K(z)K(z™') to K(z)
and K(z™!) produces accurate results in most situations.
However, if higher numerical accuracy is desired, a root-
squaring technique can be used. It has been shown that if
z;=re'Y is a zero of K(z)K(z™*) then z;7 =rYe/* is
also a zero of K(z)K(z™'). Since r; is close to unity, |z;|
and |z, | are very close to each other. However, consider
the square of these zeros

(zi)2 = "izej”i
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and
—_—1\2
N 1217
(z7) =r%

If r,<1, then r> <r, and r;2>r7'. In other words, the
zero that is inside the unit circle becomes closer to the
origin and the zero that is outside the unit circle becomes
further apart from the origin. Therefore, the two zeros
becomes more separated from each other. Furthermore, the
arguments of the squared zeros are twice the arguments of
the original zeros, so the squaring process would spread
any clustered zeros that occur in the design of high-order
narrow-band LDI ladder filters.

In order to apply this principle, we need to calculate the
coefficients of a new polynomial whose zeros are the
square of the zeros of the original polynomial. This process
is called root-squaring which is well known in numerical
mathematical analysis [14].

Now, the factorization of K(z)K(z™ ') could be carried
out as follows:

1) Perform root-squaring on K(z) (z‘l) so that the
zeros of a new polynomial K(z)K(z~1) are the square of
the zeros of K(z)K(z™1).

2) Use Newton’s method to factorize K(z)K(z7!) to
K(z) and K(z71).

3) Perform square-rooting on K(z) so that the zeros of

the resulting polynomial K(z) are the square roots of the
zeros of K(z).
Note that the root-squaring and thus the square-rooting
process could be applied several times in order to separate
highly clustered zeros. Now, the root-squaring process,
which is well documented in the literature [14), will be
introduced in detail and then the mathematics of the
square-rooting process will be developed.

Consider the following polynomials,

z"K(z)K(z7Y)

= z”[lo(z” +z7 ")+ (24 z_1)+1,,]

o) ) o) (o5 )
(45)
z"K(-z)K(—z71)
= z"[lo(z" +z7")+ -
+(=1)" (24 270+ (=1)"1,
=l(z+2z) - (z+z,)(z+21) - (z2+2;1).
(46)

Let
z"K(z) K(z7")
= [z"K(2)K(z7)][z"K (= 2) K (- z7")]
=22"[l_(zz”+z_2")+--- +m(zz+z_2)+l—]
=15(22=2}) - (=) (22— 772) - (2= 2.7).
(47)
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Therefore, the zeros of z2"K(z)K(z™!) are the square of
the zeros of z"K(z)K(z™'). From (45), (46), and (47), it
can be shown that

I, =(- 1) 12+2Z( 1?10,
p=1

(48)

provided the “index in range” condition 0 <i— p,i+ p <
2n is satisfied, and if i—p,i+ p>n, they are to be
replaced by 2n — (i — p) and 2n — (i + p), respectively.
After K(z)K(z™!') is found, we can use Newton’s
method developed in the previous discussion to factorize
K(z)K(z7') to K(z) and K(z7'), where
K(z) =koz*"+ R 2% V... + %, _ 2%+ k,.
(49)
Equations (40)-(44) remain unchanged except that k,’s
and /;’s become ks and l s, respectively.
Next K(z2) has to be determined from K(z) such that

the zeros of K(z) are the square-roots of the zeros of K(z).
Since

K(z)=koz"+kiz" '+ -+ +k,_1z+k,
=ko(z=2) - (2-2z,) (50)
and
(—1)"K(=2) =koz" = kyz" 1+ - -
+(=1)" "k, z+(=1)"k,
=ko(z+2) - (z2+2,) (51)
therefore, ] ‘

K(z) =koz*"+ Kk 2% D+ -+ %k, 22+ k,
=k§(zz—zlz)---(zz—z,f)
=(-1)"K(z)K(-z). (52)

From (50), (51), and (52),

ko = k§

ky =— k¥ +2kyk,

Fi = (_l)i[ki2 —2k;_1k;y1 +2k; 2k, 0

—2k;_sk; 3+ o]
=(-1)' k2+22( VPk,_ k.,
p=1

k, = (-1)"k} (53)

provided the “index in range” condition0 <i— p,i+ p<n

is satisfied. The square-rooting process can be stated as
follows:

Given the coefficients k;, 0 <i<n, of K(z), find k,,
0<i<n, of K(z), such that k; and k; are related by
(53).
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Again, this problem can be solved by using Newton’s
method in several variables.

If k(m)=[ko(m) ki(m)
proximation of k, =[k, k;
tions, Newton’s method states that

k,(m)]T is the ap-
k,)” after m itera-

k(m+1)=k(m)—J ' (m)[F(m)-S]  (54)
where
S=[ks K k17,
[ f,,(m) |
fi(m)
F(m)= /‘si(.m)
| 7,(m)
- . _
— kI +2kok,
( 1) |:k2+2 Z ( I)Pk i—-p t+p:|
| (—1.)nk3 dk=k(m)
(55)
and
ofs, .
Js(m)=[akJ]k k(m), O0<i,j<gn
where
., ) P
—";k_j (9k [( 1) [k +2PEI( 1) k——p l+p:|:|

If i # j, the relevant terms correspond to

i—p=j = p=i—j > itp=2-
itp=j > p=j—i > i—-p=2i—]j.

Since p must be positive, only either one of them is true,
that is, either

2D e[ ) ]
=2(—1)""ky_;
or
afx' =2(- 1) = +(—1)j_ik21—;kj + - ]
]
= 2(”‘1)jkzi—j

is true. However, they are the same because (—1)% /=
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(-1 Ifi=j
af,
ok,

=5‘?I;[(—1)‘k3+---]

=2(-1)'k;=2(-1)* "k, ;.
Therefore, in all cases

af, i
J(m)= {;,;} [ =201k, (m)] (56)
J Vk=k(m)
with the “index in range” condition.

Similar to the case of factorization, it can be shown that
J,(m)F,(m) = k(m)/2. Therefore, (54) becomesJ, (m) k(m
+1)—k(m)/2]=S. The iteration procedure is similar to
that of Newton’s method for factorization.

The root-squaring technique has been successfully ap-
plied to design both even- and odd-order Chebyshev low-
pass filters. However, due to unknown reasons, any at-
. tempt to apply the root-squaring technique to design
even-order modified Chebyshev filters results in unstable
iterations. Fortunately, unless extreme accuracy is re-
quired, the root-squaring procedure is not strictly necessary
in the design of LDI ladder filters.

VL

The first part of the third step in the design procedure is
to find E(z) and F(z) from H(z) and K(z) according to
(8) and (9). Rewrite these equations as

(z+1)E(z)=K(z)+zH(z)

THE CHAIN MATRIX ELEMENTS

(57)

and
7V z+1)F(z)=K(z)~H(z) (58)

where H(z) and K(z) are to be scaled by z7"/?[2]. Let
K(z)=[koz"+kyz" '+ -+ + ko + k| 2772
H(z)=[hoz"+hz" '+ - +h,_+h,]z7"?
(z+1)E(z)=[efz"  +elz"+ - +elz+ er1] 27"

27 12(z+1)F(z2)

= [fyzm + frz L -

E(z)=[egz"+e;z" 1+ -

+fz+f] 2

+e, 1z+e,|z7"?

and
F(z)=[foz" 7 4 2" 24 o+ fypz o+ fyg] 2707072,
(59)
From (57), (58) and (59)
e, =hyg,
e/=k,_,+h, i=12,---,n
€=k,
and
fr=k,—h,, i=0,1,---,n. (60)

Now, ¢; and f; can be found from e/ and f;’, respectively, by
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removing the factor (z +1) [13]. Therefofe,

¥4

€= ¢
e,=e/—e,_q, i=1,2,---,n
and
=1
fi=f —fi_ i=1,2,---,n—1. (61)
Combining (60) and (61), we finally have
e = ho,
e, =k, +hi—e_;, i=12,---,n
and
fo=ko—hy
fi=ki—h,—fi_1, i=1,2,---,n (62)

which can easily be programmed.

Now we have to separate E(z) and F(z) to the chain
matrix elements A(z), B(z), C(z), and D(z) which are
image polynomials. Let

A(2) = do(£/2 = 2712)" 4 dy (212 — 27 V2)" 72

+d (V% - Z—1/2)"—4+ -+ (63)
and
B(z)=d1(zl/2-—2‘1/2)"_1+d2(zl/2—2_1/2)"_3
+d5(zl/2—z‘1/2)"_‘5+ oL (64)

From (4), (63), (64) and (59)

A(z)—z7V?B(z)

_ [d0(21/2 — VY g V(g Z—1/2)"—1
+ dz(zl/z _ 2—1/2)'1—2_ d3z—1/2(21/2 _ Z—1/2)n—3
+ et dy, (27—~ 27 V2) T
—dyy, 2 V(M= 2T ]

= [do2°(z=1)" ~ dyz°(z =1)"
+dyzM(z-1)""P = dy (2 -1)" T+ -
+d2mz”’(z—1)"—2'"
—dypnz™(z=1)" T T

=[epz" +e;z" 1+ e,z" 24 - - te, 12t +e,2%] 272

(65)
It is possible to write down a matrix equation that com-
pares the coefficients associated to equal powers of z on
both sides of this equation:

] Z—n/2

n n n
qooZ dn? on? d, €p2
n—1 n—1 n-1 n—1
9102 Upved Gin? 4| |ea:z
0 0 0 0
9no2 9m? 9nn? d" €z
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Consider a particular coefficient d /;, we have
iéodjqijz”"=dz,,,z"'(z—l)"_zm, | |
forj=2m=even (67)
.iodjqijzn_i= dymir2"(2 —1)"_2"‘-1’
=

forj=2m+1=o0dd. (68)
However, the RHS of (67) is

n—2m

dy™(z=1)" " =z T (M) (- 1)
p=0

n—2m -2
=dy L (") 1),
— p
p=0
Let j=2m and then i=p+ j/2,so that at p=0, i= j/2
and atp=n— j,i=n— j/2. Thus
n—j
dzmzn(z_l)"_2m=dj )

(n - j)(_l)Pzn—p—j/Z
p=0 '

p

n_j/z n—j , i/2
—d ¥ ( _ )(-1)"1 2
TiZip\iT /2
n .
= Z djqijzn_'-
i=0

from LHS of (67). Hence,

-1 i_j/z(-n—-j ) forj/2< (evenj)<n—j/2
q;; = (-1 i—j/2 i72<( & 4 '

0, for other even j
(69)
Similarly, equation (68) yields
(_1)i+1—(j+l)/2( , _("j;{)/z)’
WY for (j+1)/2<(0dd)) <n—(j—1)/2 (70)
0, for other odd j.
Disregard z" "~ in (66), it becomes
90 9o don || 4o €o
‘I}o ‘I}l ‘.I}n ‘{1 _ € (71)
‘I;.o ‘I;a q;m d.n én

Since the matrix [g;;] in (71) can be calculated from (69)
and (70), the coefficients of A(z) and B(z) can be solved
by using Gauss elimination. The coefficients of C(z) and
D(z) can be found by exactly the same method.

Having obtained the chain matrix elements, it is
straightforward to find the ladder multiplier values by
carrying out the ladder decomposition according to (13).
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The above design formulas have been integrated in a
comprehensive LDI ladder filter design program (Fig. 7).
This program implements the design of odd-order
Chebyshev low-pass filters and even-order modified
Chebyshev low-pass filters. The root-squaring procedure is

COMPUTER PROGRAM AND DESIGN EXAMPLES

-not included for simplicity. The program is written in

Fortran 77 and runs on a DEC VAX-11/780 computer
system under the UNIX operating system. The investigator
specifies the order, passband edge and ripple of the LDI
ladder filter, then the program returns the ladder section
and the rightmost ladder branch multiplier values.

This program can design a wide range of LDI ladder
filters with different specifications. Experiments shows that
up to tenth-order filters can be designed. In addition to
this, it is observed that the accuracy of the result is
basically limited by the accuracy of the factorization step.
The polynomial product K(z)K(z~!) obtained by multi-
plying the factorized K(z) must be close to the desired
K(z)K(z™') obtained from equation (11) as much as pos-
sible, usually two digits after the decimal point.

Because of this limiting factor, it is desirable to derive a
relationship between n, w,, and € such that under certain
condition the comprehensive LDI ladder filter design pro-
gram can be used confidently.

For 64 bits double precision arithmetic, numerical values
are accurate up to about 16 digits. Allowing for 2 digits
numerical error in the factorization step, the coefficients in
K(z)K(z™') must be of order 10'? or less. Now the
problem becomes estimating the order of magnitude of the
coefficients of K(z)K(z~*) for any combinations of n, w,,
and ¢. From (11) and (38)

H(Z)H(z V) =1ly(z"+z7 ")+ ---
+(L_y+D)(z+ 27 )+ (1, +2)
and thus ‘
H(-D)H(-1)=+Ql,—25+ -~ =21, ;+1,). (72)

In all the observed cases, the coefficients /;’s of K(z)K(z™!)
have alternating signs. Therefore, (72) can be written as

H(-Df'=2 % 1y (13)

and this gives the approximate order of magnitude of /,’s.
Setting z = e/ = —1 in equation (30) and using the for-
mulas

coshm, = (e™+e ™)/2=e™/2,

cosh™tm, = ln(m2 +ym} -1 ) =1n(2m,),

for large m,

for large m,

and

cosw, ={1—w? =1—w?/2,

for small w,
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SYNTHESIS OF LDI AND LDD LADDER FILTERS

- DIGITAL LDI LADDER FILTER DESIGN PROGRAM

Y
E.S.K. LIU - December 1982
Department of Electrical Engineering
The University of Calgary
Calgary Alberta Canada

A comprehensive digital LDI ladder filter design program.
The investigator specifies the order, ripple ( in db) and
passband edge ( in rad ), then the program returns the
ladder section multiplier values of the LDI ladder filter.
The right-most ladder branch multipliers are 1.

double complex alpha,zerol,zero2,zero(10),p(0:10)

double precision pi,rnripple,edge,
rk,gain,phi,esilon,angle,beta,gamma,
h(0:10).k(0:10).e(0:10).1(0:10),5{10),r{0:10).
1(0:10).a(0:10),¢(0:10),q(0:10,0:10)

read{5,*)n.ripple edge
pi = 3.141592653589793d0
rn = float(n)

Calculate phi from the ripple specification

esilon = 1.d0 + 2.d0/(10.40**(0.1d0*ripple)-1.d0)
phi = esilon + dsqrt(esilon**2-1.d0)
phi = dlog(phi)/rn

Calculate the gain and zeros

gain = 2.40
rk =1.d0
if(mod(n,2). eq 0) rk = 1.d0 + (1.d0 - dcos(edge))
*(1.d0 - decos(pi/rn)) / (1.d0 + dcos(pi/rn))
do 100m = 1,n
angle = (2. dO‘ﬂoat.(m) 1.40) * pi/rn
beta = dcos(angle) * dcosh{phi)
gamma = dsin(angle) * dsinh(phi)
alpha = dcmplx(rk+dcos(edge),0.d0)

- demplx({rk-dcos(edge),0.d0) * demplx(beta,gamma)
zerol = (alpha - zsqrt(alpha®*2-(4.40,0.d0))) / {(2.d0.0.40)
zero2 = (alpha + zsqrt(alpha®*2-(4.d0,0.40))) /7 (2.d0,0.d0)
if(zabs(zeroi).lt.1.d0)zero{m) = zeroi
U(zabs(zeroz) 1t.1.d0)zero(m) = zero?
gain = gain / zabs((1.d0,0.d0)-zero(m))

continue

Calculate H(z) trom the zeros

p{0) = dcmplx{gain,0.d0)
do200m =1n

pi{m) = demplx(0.d0,0.40)

do200it=m,1,-%

p(i) = p(i)-p(i-1)*zero{m)

do 300i=0,n

h(i) = real(p(i})

k{i) = h(i)

Calculate H{z)H{1/z) and then K{z)K(1/2) from H(z)

do 320i =0,n
1) = a. dO
do320j =
1(i) = 1(1) + b(J)‘h(J+n-x)
1{n-1) = 1{n-1) - 1.40
I{n) = 1(n) - 2.d0

Remove the factor (z-1) out of the approximate
K(z) and the factor <(z-1)**2 out of K(z)K(1/z).

do350i=1n

1(i) = 1(i-1)+1(1)

k(i) = k{i-1)+k(i)
do360i=1,n

1(i) = 1(i-1)+1(i)
do370i =0

1(i) = -1(i)

Do factorization
do 420 iterat = 1,50
Construct the Jacobian matrix

do 400 i = O,n-1
do 400 j = 0,n-1
'1(1 j) = 0.d0
= j+i-n+1
lr(m ge.0 .and. m.le.n-1)q(i. )) = q(i.j)+k(m)
= j-i+n-1
if(m.ge‘o .and. m.le.n-1)q(i.j} = q(i.j)+k(m)
continue

[e]

410

420

(2]

0

450

00

a

500

000

no

700

BOO

920

0OBo0OnNDO0OO0O

100

300

500

N0 OODODODD
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Solve the matrix equation and update k{m)

do 410i=0,n-1
a(i) = 1(i)
call gauss (n,q.a.c)
do 420i=0,n-1
k(i) = efi) + Kk(i)s2.d0

C(z) t

Muitiply K{z) by K{z-1}.

k(n) = 0.
do 450i=n,1,-1
k(i) = k(i)-k(i-1)

Calculate E{z) and F{z)} from H{z) and K(z)

e{0) = h(0)
do500i=1,n

efi) = k(l-l) + h(i) - e(x-l)
£(0) = k(0) - h(0)
do550i=1,n

(i) = k(i) - h(i) - £(i-1)

Calculate the image polynomials AB,C and D

call qmat (n,q)

call gauss (n+1.q,e,a)
call gmat (n-1,

call gauss (n.q.f.¢)

Do ladder decomposition

do 800m =n,1,-1
s{n-m+1) = - ¢(0) 2 a{0)
e{m) = 0.d0
do 700.i = 2,m,2
r{i-2) = a(i) + ¢(i) 7/ s(n-m+1)
do 800 i =0,m-1,
a(i) = - e(i)
e(i) = - r(i) .

write(8, 920)(1 s{i)i = 1,n)

format(ix,"ladder section s(".i2,”) = ",g18.10)
stop

end

Subroutine "qmat" constructs the @ matrix for
image polynomial calculations.

Subroutine parameters:

n = order of polynomial

q = the returned Q matrix

subroutine qmat (n,q)
double precision q(0:10,0:10)
do 500i=0,n
do500j=0,n
Q(i..i) =0.d0
if{rmod(j.2).eq.0)then
1f(1 gej/2.and.ile.n-j/2)then
q(i.j) = (-1.)**
do 100 m = 1,ij
q{L.j) = q(i.j) * float( (n-j)-(i-j/2)+m ) / float(m)
endif
else
if(i.ge.(j+1)/2.and.i.le.n-(j-1)/2)then
q(i.j) = (-1.)**(i*1-(j+1)/2)
40300 m = 1,i-(j+1)/2
q(Lj) = q(i.j) * Boat{ (n-j)-(i-(j+1)/2)+m ) / float(m)
endif
endit
continue
return
end

Subroutine "gauss” uses Gauss elimination with partial pivoting
to solve a set of simultaneous linear equations [13].
Subroutine parameters:
n = number of simultaneous equations
= n X n matrix A in AX=B
b = n vector B in AX=B
x = returned solution n vector X

subroutine gauss (n.a,b,x)
double precision r,a{i1,11),b{i1),x{11)

do 500i=1,n-1

Partial pivoting

Fig. 7. A comprehensive LDI ladder filter design program.
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k=i
do 100 j = i+l,n

100 if( dabs(a(j,i)) .gt. dabs{a(k.i)) )k = j
r = b(k)
b(k) = b(i)
b(i)=r
do300j=in
r = a(k,j)
a(k,j) = a(ij)
300 a(ij)=r
[
c Transform A to an upper trianglar matrix

do 500 k = i+1,n
r = -a{k,i)/a(i.i)
b(k) = r*b(i) + b(k)
do 500j = i.n
a(k,j) = rea(ij) + a(k.j)

c Backsolve the trianglar equations

x(n) = b(n)/a(n,n)
do 700k = 1,n-1

r =0.d0

do 600 j = 1.,k

600 r=r + a(n-k,n+1-j) * x(n+1-j)
700  x{n-k) = (b(n-k)-r) / a(n-k,n-k)
¢
return
end
Fig. 7. (contd.)
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response of a fifth-order LDI ladder filter designed by the program in
Fig. 7.
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Fig. 9. The (a) overall and (b) detailed passband magnitude-squared
rFesponse of a tenth-order LDI ladder filter designed by the program in
"Fig. 7.

Therefore, if €2(4/w,.)?" <10'? and n <10, the LDI ladder
filter design program can be used confidently.

The program had been used to design a narrow-band
LDI low-pass ladder filter with specifications n =35, w_=
0.047 and 4,=0.01 dB. The magnitude response of the
designed LDI ladder filter (without coefficient quantiza-
tion) is plotted in Fig. 8. A wideband LDI low-pass ladder
filter example with specifications n =10, w,=0.47, and
A,=0.1 dB is given in Fig. 9. The accuracy of the design
program is fully demonstrated.

VIIL

It has been shown that LDI low-pass ladder filters can be
transformed to LDD high-pass ladder filters. The topology
and thus the low sensitivity property of the LDI low-pass
ladder filters are preserved in the LDD high-pass ladder
filters. Exact design of an LDI ladder filter requires the
determination of a digital all-pole Chebyshev transfer func-
tion which is traditionally done by computer iterative
methods. In this paper, a set of closed-form design for-
mulas is derived for such transfer functions. A new fac-
torization technique is developed to improve the numerical
accuracy of the design, several synthesis equations are
reformulated and they are incorporated into a comprehen-
sive LDI ladder filter design program.

CONCLUSION
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APPENDIX | or :
-1 =
PROOF OF.{f (m)F;(m)=k(m)/2 1IN THE J; l(m)I'}(m)=k(m)/2
K(z)K(z~") POLYNOMIAL FACTORIZATION
PROCEDURE as required.
Since both J;(m) and F;(m) are calculated at k = k(m), REFERENCES
the iteration index m could be omitted in the following |1} L T Bruton, “Low sensitivity digital ladder filters,” IEEE Trans.
discussion. The equation Circuits Syst., vol. CAS-22, pp. 168-176, Mar. 1975.
1 [2]  D. A. Vaughan-Pope and L. T. Bruton, “ Transfer function synthesis
JF=k/2 using generalized doubly terminated two-pair networks,” IEEE
. . Trans. Circuits Syst., vol. CAS-24, pp. 7988, Feb. 1977.
is equivalent to [3]1 L. T. Bruton, “Transformations and terminating networks in dis-
) J.k=2F crete leapfrog ladder structures,” in /nt. Symp. Circuits Systems,
/ / (San Francisco, CA) pp. 692-696, Apr. 1974. ,
where {4] D. A. Vaughan-Pope and L. T. Bruton, “Synthesis of singly-
T terminated lossless digital integrator ladder filters,” in Proc. 1975
k= [ko ki ky --- kn] Midwest Symp. Circuits and Systems, p% 314-318, 1975.
[5] G. M. Jacobs, D. J. Allstot, R. W. Brodersen and P. R. Gray,
F.= f .. T “Design techniques for MOS switched capacitor ladder filters,”
=1t 5 1 A TEEE Trans. Circuits Syst., vol. CAS-25, pp. 10141021, Dec. 1978.
i [6] K. Martin, “In’lproved circuits for the realization of switched-

f = Z k k capacitor filters,” IEEE Trans. Circuits Syst., vol. CAS-27, No. 4,
fi ptn—i R/II) 237-244, Apr. 1980.
p=0 7 . S. Lee and C. Chang, “Switched-capacitor filters using the LDI

3 3 and bilinear transformations,” IEEE Trans. Circuits Syst., vol.
and the Jacobian matrix CAS-28, pp. 265270, Apr. 1981.
of;, [8] R D. Davis and T. N. Trick, “Optimum design of lowpass
Jf = % | switched-capacitor ladder filters,” IEEE Trans. Circuits Syst., vol.
k; CAS-27, No. 6, pp. 522-527, June 1980.

N {91 A. V. Oppenheim and R. W. Schafer, Digital Signal Processing.
ow, Englewood Cliffs, NJ: Prentice Hall, 1975.
: aJ ff [10] L. R. Rabiner and B. Gold, “Theory and Application of Digital
Jk=|—= [ k ] Signal Processing,” Englewood Cliffs, NI: Prentice Hall, 1975.
/ ok T8 [11] A. Antoniou, Digital Filters: Analysis and Design. New York:
McGraw Hill, 1979.
n af, [12] R. W. Daniels, Approximation Methods for Electronic Filter Design.
_ k I New York: McGraw Hill, 1974.
- Z iok. | [13] L. W. Johnson and R. D. Riess, “Numerical Analysis,” Addison-
j=0 U Wesley, 1977.
B [14] J. B. Scarborough, “Numerical Mathematical Analysis,” The John
ut . - Hopkins Press, 1966. :
21:}- = [2 ff] . [15] S. O. Scanlan, “Analysis and synthesis of switched-capacitor
o ; ! state-variable filters,” IEEE Trans. Circuits Syst., vol. CAS-28, pp.
In other words, it is required to prove 85-93, Feb. 1981.
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Z [ j—%]=2ff'_, any i.
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Recall (42) that
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with the “index in range” condition. Now,
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Let j= p in the first summation and j= p —i+ # in the -

second summation on the RHS of this equation, then

n of,, n d
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(A1)
However, the upper bound of p in the first summation can
be truncated to 7, and the lower bound of p in the second
summation can be truncated to 0, because all the terms
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tion. Therefore, equation (A1) becomes
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